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Abstract 
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1 Introduction 

We start by an informal description of our purpose. 

1.1 Random interlacements in two dimensions 

Random interlacements were introduced by Sznitman in [SU], motivated by 
the problem of disconnection of the discrete torus := by the trace 

of simple random walk, in dimension 3 or higher. Detailed accounts can 
be found in the survey [1] and the recent book [10]. Loosely speaking, the 
model of random interlacements in Z'^, d > 3, is a stationary Poissonian soup 
of (transient) doubly inhnite simple random walk trajectories on the integer 
lattice. There is an additional parameter m > 0 entering the intensity measure 
of the Poisson process, the larger u is the more trajectories are thrown in. 
The sites of Z'^ that are not touched by the trajectories constitute the vacant 
set V“. The random interlacements are constructed simultaneously for all 
M > 0 in such a way that C if Ui > U 2 - In fact, the law of the vacant 
set at level u can be uniquely characterized by the following identity: 

P[A C V“] = exp ( — Mcap(A)) for all hnite A C Z"^, (1) 

where cap (A) is the capacity of A. Informally, the capacity measures how 
“big” the set is from the point of view of the walk, see Section 6.5 of [13] for 
formal dehnitions, as well as ffT^ - ffTTl) below. 

At hrst glance, the title of this section seems to be meaningless, just 
because even a single trajectory of two-dimensional simple random walk a.s. 
visits all sites of Z^, so the vacant set would be always empty. Nevertheless, 
there is also a natural notion of capacity in two dimensions (cf. Section 6.6 
of [13] ), so one may wonder if there is a way to construct a decreasing family 
(V", a > 0) of random subsets of lA in such a way that a formula analogous 
to ([T]) holds for every hnite A. This is, however, clearly not possible since 
the two-dimensional capacity of one-point sets equals 0. On the other hand, 
it turns out to be possible to construct such a family so that 

P[A C V“] = exp ( — 7rQ;cap(A)) (2) 

holds for all sets containing the origin (the factor vr in the exponent is just 
for convenience, as explained below). We present this construction in Sec¬ 
tion 12.11 To build the interlacements, we use trajectories of simple random 
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walks conditioned on never hitting the origin. Of course, the law of the va¬ 
cant set is no longer translationally invariant, but we show that it has the 
property of conditional translation invariance, cf. Theorem 12.31 below. In 
addition, we will see that (similarly to the d > 3 case) the random object we 
construct has strong connections to random walks on two-dimensional torus. 
All this makes us believe that “two-dimensional random interlacements” is 
the right term for the object we introduce in this paper. 

1.2 Cover time and late points of simple random walk 
on a discrete torus 

Consider the simple random walk on the two-dimensional discrete torus 
with the starting point chosen uniformly at random. Let 7j^ be the first 
moment when this random walk visits all sites of Z^; we refer to Tn as the 
cover time of the torus. It was shown in [7j that ^ in probability; 

later, this result was refined in [9], and then even finer results on the first 
correction to this limit were obtained in [2] for the similar problem of covering 
the (continuous) torus with a Brownian sausage. 

The structure of the set of late points (i.e., the set of points that are still 
unvisited up to a given time) of the random walk on the torus is rather well 
understood in dimensions d > 3, see mm, and also [12] for the continuous 
case. On the other hand, much remains to be discovered in two dimensions. 
After the heuristic arguments of [3] revealing an intriguing random set, it 
was shown in [8] that this set has interesting fractal-like properties when 
the elapsed time is a fraction of the expected cover time. This particular 
behaviour is induced by long distance correlations between hitting times due 
to recurrence. In this paper, we prove that the law of the uncovered set 
around the origin at time —In^ n conditioned on the event that the origin 
is uncovered, is close to the law of two-dimensional random interlacements at 
level a iTheorem 12.61) . We hope that this result will lead to other advances 
in understanding the structure of the uncovered set. 

We now explain why conditioning is necessary to observe a meaningful 
point process. In two dimensions, if we know that simple random walk has 
visited a given site by a large time, then it is likely, by recurrence, that it has 
has visited all the nearby sites as well. This means that a fixed-size window 
around the origin will be typically either full (on the event that the origin 
was visited) or empty (if the origin was not yet visited). Therefore, we need 
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to condition on a rare event to obtain a nontrivial limit. 

As a side note, observe that the two-dimensional random interlacements 
relate to the simple random walk on the torus at a time proportional to the 
cover time. In higher dimensions, one starts to observe the “interlacement 
regime” already at times below the cover time by a factor of In n. 

Organisation of the paper: In Section 12.11 we construct the model of 
random interlacements and present some of its properties. In Section 12.21 
we formulate a result relating this model and the vacant set of the simple 
random walk on the discrete torus. We prove some results on the spot - 
when short arguments are available - postponing the proof of the other ones 
to Section 01 Section [3] contains a number of auxiliary facts needed for the 
proof of the main results. 

2 Definitions and results 

We start by dehning the two-dimensional random interlacement process, 
which involves some potential-theoretic considerations. 

2.1 Random interlacements: definitions, properties 

Let II • II be the Euclidean norm. Dehne the (discrete) ball 


B{x, r) = {y ^7? ■. \\y — x\\ < r} 


(note that x and r need not be integer), and abbreviate B{r) := 5(0, r). We 
write X ~ 1 / if X and y are neighbours on Z^. The (internal) boundary of 
A <zl? IS dehned by 


dA = {x G A : there exists y E 7^ \ A such that x ~ y}. 


Let {Sn,n > 0) be two-dimensional simple random walk. Write Px for the 
law of the walk started from x and Ex for the corresponding expectation. 
Let 


Tq{A) = inf{fc > 0 : S'*; G A}, 
ri(A) = inf{fc > 1 : S'/; G A} 


(3) 

(4) 
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be the entrance and the hitting time of the set A by simple random walk S 
(we use the convention inf 0 = +oo). For a singleton A = {x}, we will write 
Ti(A) = rj(x), z = 0,1, for short. Define the potential kernel a by 

OO 

a(x) =5^(Po[^fc = 0]-P.[^fc = 0]). (5) 

k=0 

It can be shown that the above series indeed converges and we have a(0) = 0, 
a(x) > 0 for X 7 ^ 0 , and 

a(x) = — In ||x|| + 7 '+ 0 (||x||“^) ( 6 ) 

71 

as X —)■ OO, cf. Theorem 4.4.4 of [13] (the value of 7 ' is knowiJi], but we will 
not need it in this paper). Also, the function a is harmonic outside the origin, 

i.e., 

^ ^ a{y) = a{x) for all x 7 ^ 0. (7) 

y.y^x 

Observe that ([7|) immediately implies that a(5'fc/\T-o(o)) is a martingale, we will 
repeatedly use this fact in the sequel. With some abuse of notation, we also 
consider the function 

2 

a{r) = — Inr + 7 ' 

71 

of a real argument r > 1. The advantage of using this notation is e.g. that, 
due to ([ 6 |), we may write, as r —)■ 00 , 

^{y)a{y) = a{r) + O (8) 

yedB{x,r) 

for any probability measure z/ on dB{x, r). The harmonic measure of a hnite 
A C is the entrance law “starting at inhnity”, 

hmA(x) = lim Py[Sr,(A) = x]. (9) 

The existence of the above limit follows from Proposition 6.6.1 of [13]; also, 
this proposition together with (6.44) implies that 

hm^(x) = — lim P 3 -rri(A) > Ti(dB{R))] InR. (10) 

71 ^ 

I 7 ' = 7 r “^(27 + In 8), where 7 = 0.5772156 ... is the Euler-Mascheroni constant 
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Intuitively, fllOp means that the harmonic measure at x G dA is proportional 
to the probability of escaping from x to a large sphere. Observe also that, 
by recurrence of the walk, hm^i is a probability measure on dA. Now, for a 
hnite set A containing the origin, we dehne its capacity by 

cap(A) = a(x) hmy^(x); ( 11 ) 

xGA 


in particular, cap ({0}) = 0 since a(0) = 0. For a set not containing the 
origin, its capacity is dehned as the capacity of a translate of this set that 
does contain the origin. Indeed, it can be shown that the capacity does not 
depend on the choice of the translation. A number of alternative dehnitions 
are available, cf. Section 6.6 of [13]. Intuitively, the capacity of A represents 
the difference in size between the set A and a single point, as seen from 
inhnity: From (6.40) and the formula above Proposition 6.6.2 in [13], we can 
write 


P:,[Ti{dB{r)) < ri(A)] 


In ||x|| + ^ - f cap(A) + eA{x) + £'A,xii^) 
Inr 


where £a{x) vanishes as ||x|| -A- oo and s'Axi^) vanishes as r —)■ oo keeping 
hxed the other variables. Observe that, by symmetry, the harmonic measure 
of any two-point set is uniform, so cap ({x, y}) = ^a{y — x) for any x, y G 
Also, ([ 8 |) implies that 


cap (i?(r)) = a(r) -|- 0 (r ^). 


( 12 ) 


Let us dehne another random walk {Sn,n > 0) on (in fact, on \ {0}) 
in the following way: the transition probability from x to y equals for 
all X ~ 1 / (this dehnition does not make sense for x = 0 , but this is not a 
problem since the walk S can never enter the origin anyway). The walk S 
can be thought of as the Doob h-transform of the simple random walk, under 
condition of not hitting the origin (see Lemma 13.31 and its proof). Note 
that ([7|) implies that the random walk S is indeed well dehned, and, clearly, 
it is an irreducible Markov chain on Z^ \ {0}. We denote by Px,Ex the 
probability and expectation for the random walk S started from x 7 ^ 0. Let 
ro,ri be dehned as in (l3|)-(j4D, but with S in the place of S. Then, it is 
straightforward to observe that 

• the walk S is reversible, with the reversible measure '■= (E{x)] 
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• in fact, it can be represented as a random walk on the two-dimensional 
lattice with conductances (or weights) (^a{x)a{y),x,y G Z‘^,x ~ ?/); 

• (a{x),x G \ {0}) is an excessive measure for S (i.e., for all |/ 7 ^ 0, 

a{x)Px{Si = y) < a{y)), with equality failing at the four neighbours 
of the origin. Therefore, by e.g. Theorem 1.9 of Chapter 3 of [T7], the 
random walk S is transient; 

• an alternative argument for proving transience is the following: let J\f 
be the set of the four neighbours of the origin. Then, a direct calculation 
shows that 1 /a{SkAToiN)) is a martingale. The transience then follows 
from Theorem 2.2.2 of [m. 

Our next dehnitions are appropriate for the transient case. For a h- 
nite A C Z^, we define the equilibrium measure 

eA{x) = l{x ^ A]P^^i{A) = oo\y^, (13) 

and the capacity (with respect to S) 

cap(A) = ^eA(x). (14) 

x^A 

Observe that, since po = 0, it holds that cap(y4) = cap(y4 U {0}) for any 
set A C Z^. 

Now, we use the general construction of random interlacements on a 
transient weighted graph introduced in [21]. In the following few lines we 
briefly summarize this construction. Let W be the space of all doubly inh- 
nite nearest-neighbour transient trajectories in Z^, 

W =[q= (pfc)fcez : Qk ~ Qk+i for all /c; 

the set {m '■ Qm = y} is hnite for all ?/ G Z^}. 

We say that q and g' are equivalent if they coincide after a time shift, i.e., 
Q ^ g' when there exists k such that gm+k = Qm for all m. Then, let 
W* = W/ ~ be the space of trajectories modulo time shift, and define y* to 
be the canonical projection from W to W*. For a finite A C Z^, let Wa be 
the set of trajectories in W that intersect A, and we write W\ for the image 
of WA under y*. One then constructs the random interlacements as Poisson 
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point process on W* x M"*" with the intensity measure ly (8) du, where z/ is 
described in the following way. It is the unique sigma-hnite measure on the 
cylindrical sigma-held of W* such that for every hnite A 

Iw* = X* °Qa, 

where the hnite measure Qa on Wa is determined by the following equality: 

QA[{gk)k>i^F, go = x, {g-k)k>i^G] = ca^x) ■ P^[F] ■ P^[G \ fi(A) = cx)]. 

The existence and uniqueness of u was shown in Theorem 2.1 of |21] . 

Definition 2.1. For a configuration ^{wi,ux) of the above Poisson process, 
the process of random interlacements at level a (which will be referred to as 
RI(a)) is defined as the set of trajectories with label less than or equal to na, 
i.e., 

Observe that this dehnition is somewhat unconventional (we used vra 
instead of just a, as one would normally do), but we will see below that it 
is quite reasonable in two dimensions, since the formulas become generally 
cleaner. 

It is important to have in mind the following “constructive” description of 
random interlacements at level a “observed” on a hnite set A C Namely, 

• take a Poisson(7rQ; cap(y4)) number of particles; 

• place these particles on the boundary of A independently, with distri¬ 
bution ca = {{cap A)~^eA{x),x G A); 

• let the particles perform independent 5'-random walks (since S is tran¬ 
sient, each walk only leaves a hnite trace on A). 

It is also worth mentioning that the FKG inequality holds for random 
interlacements, cf. Theorem 3.1 of [2T] . 

The vacant set at level a, 

V“ = Z2\ IJ azKZ), 

A:ii;^<7rQ: 



a=0.25 





0=1.25 



0=1.5 


Figure 1: A realization of the vacant set (dark blue) of RI(a) for different 
values of a. For a = 1.5 the only vacant site is the origin. Also, note that 
we see the same neighbourhoods of the origin for a = 1 and a = 1.25; this is 
not surprising since just a few new walks enter the picture when increasing 
the rate by a small amount. 
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is the set of lattice points not covered by the random interlacement. It 
contains the origin by dehnition. In Figured] we present a simulation of the 
vacant set for different values of the parameter. 

As a last step, we need to show that we have indeed constructed the 
object for which (|2]) is verified. For this, we need to prove the following fact: 

Proposition 2.2. For any finite set A G 'Ffi such that 0 G A if holds that 
cap(A) = cap(A). 

Proof. Indeed, consider an arbitrary x G 5A, x ^ 0, and (large) r such that 
A C B(r — 2). Write using (jb]) 


P^[ti{A) > Ti{dB{r))] = 


a(gend) 

a{x) 


, , - Inr /1\ 1^1 


a(x] ^—' v4/ 
e 


2 j 


where the sums are taken over all trajectories q that start at x, end at dB{r), 
and avoid A U dB (r) in between; Pend ^ dB (r) stands for the ending point of 
the trajectory, and |p| is the trajectory’s length. Now, we send r to infinity 
and use (fTOj) to obtain that, if 0 G A, 

a{x)Pxfi'i{A) = cx)] = hmA(x). (15) 


Multiplying by a{x) and summing over x E A (recall that /i^, = a‘^{x)) we 
obtain the expressions in flTT]) and flT^ and thus conclude the proof. □ 

Together with formula (1.1) of [21], Proposition 12.21 shows the funda¬ 
mental relation (I2|) announced in introduction; for all finite subsets A of Tfi 
containing the origin. 


P[A C V“] = exp ( - 7racap(A)). 

As mentioned before, the law of two-dimensional random interlacements is 
not translationally invariant, although it is of course invariant with respect 
to reflect ions/rot at ions of that preserve the origin. Let us describe some 
other basic properties of two-dimensional random interlacements: 
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Theorem 2.3. (i) For any a > 0, x G I?, A C 2?, it holds that 

P[A c V“ I X e V"] = P[-A + x c V“ I X G V“]. (16) 

More generally, for all a > 0, x ^ \ {0}, A C Z"^, and any lattice 

isometry M exchanging 0 and x, we have 

P[A C V“ I X G V“] = ¥[MA c V“ I X G V“]. (17) 


(a) With 7 ' from ID we have 


X G V“] = exp ( - 11x11-“(1 + 0(||x|l-2)). (18) 


(Hi) For A such that 0 G A C B{r) and x G such that ||x|| > 2r we have 

'■ r Inr In ||a:|| 

(19) 


TTCK 1 + O ( 

P[A C V“ I X G V“] = exp-- cap(7l)- 


.... 

cap(^) I p/ r-lnr \ 
2a(x) \ ||a:|| / , 


(iv) For x,y 0, x ^ y, we have P[{x, ?/} C V"] = exp ( — ttckH/), where 

^ ^_ a{x)a{y)a{x - y) _ 

a{x)a{y) + a(x)a(x — y) + a{y)a{x — y) — |(a2(x) + a'^{y) + a?{x — y)) 

Moreover, as s := ||x|| —)■ 00 , In |||/|| ~ Ins and In ||x — |/|| ~ /31ns with 
some (3 G [0,1], we have 

¥[{x,y} C V“] = 


and polynomially decaying correlations (cf. in Remark \2.4\ for the 
definition). 


Cor ({x G V"}, {y G V"}) = s 4-/3 




( 20 ) 


(v) Assume that ln||x|| ~ Ins, Inr ~ /31ns with /3 < 1. Then, as s ^ 00 , 

P[5(x,r) C V"] = (21) 

These results invite a few comments. 
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Remark 2.4. 1. The statement in (i) describes an invariance property 

given that a point is vacant. We refer to it as the conditional station- 
arity 

2. We can interpret (Hi) as follows: the conditional law of RI(a) given that 
a distant site x is vacant, is similar - near the origin - to the uncondi¬ 
tional law of RI(a/A). Combined with (i), the similarity holds nearx as 
well. Moreover, one can also estimate the “local rate” away from the 
origin, see Figure [H More specifically, observe from Lemma \3.9[ (%%) 
that ca.p{A 2 ) In s with s = dist( 0 , A 2 ) large implies cap ({ 0 } IJA 2 ) = 
^^(1 + 0 ( 1 )). Ifx is at a much larger distance from the origin than A 2 , 
say In ||x|| ~ In(s^), then (fT^ reveals a “local rate” egual to “^a, that 
is, F[A 2 C V" I X e V“] = exp ( — | 7 racap ({0} U A 2){1 + o(l))); 
indeed, the expression in the denominator in (unD eguals approximately 

-i _ cap({0}UA2) ^ 1 _ a{s)/2 ^ 7 
2a[x) ^ 2a[s^) ^ 8 ' 

3. Recall that the correlation between two events A and B, 


Cor(/l, B) 


Cov(1a, 1b) 

[Var(l^) Var(ls)]V2 


e [-1,1], 


can be viewed as the cosine of the angle between the vectors — 
P(y4),lB — P(i?) in the corresponding Hilbert space . Then, egua- 
tion (EOD relates the geometry of the lattice with the geometry of the 
random point process: For points x and y at large distance s making a 
small angle with the origin, the random variables l{x G V“} and 

al3 

l{y G V“} make, after centering, an angle of order s in the space 
of sguare integrable random variables. 


4 . By symmetry, the conclusion of (iv) remains the same in the situation 
when In ||x||, In ||x — y\\ ~ Ins and In || 2 /|| ~ (dins. 


Proof of (i) and (ii). To prove (i), observe that 

cap ({0, x} U A) = cap ({0, x} U {—A + x)) 

by symmetry. For the second statement in (i), note that, for A' = {0, x}UA, it 
holds that cap (A') = cap [MA') = cap ({0,x}UMy4). Item (ii) follows from 
the above mentioned fact that cap ({0,x}) = la(x) together with (|6]). □ 
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Figure 2: How the “local rate” looks like if we condition on the event that a 
“distant” site is vacant. 


We postpone the proof of other parts of Theorem 12.31 since it requires 
some estimates for capacities of various kinds of sets. We now turn to esti¬ 
mates on the cardinality of the vacant set. 

Theorem 2.5. (i) We have 

{ ^g-7'7ra/2 x foT O < 2, 

27re“'’''™/^ X Inr, for a = 2, 
const, for a > 2. 

(ii) For a > 1 it holds that V" is finite a.s. Moreover, P[V“ = {0}] > 0 
and P[V" = {0}] ^1 as a ^ oo. 

(Hi) Fora G (0,1), we have |V"| = oo a.s. Moreover, 

P[V" n (H(r) \ B{r/2)) = 0] < (22) 

It is worth noting that the “phase transition” at a = 1 in (ii) corresponds 
to the cover time of the torus, as shown in Theorem 12.61 below. 

Proof of (i) and (ii) (incomplete, in the latter case). Part (i) immediately fol¬ 
lows from Theorem 12.31 (ii). 

The proof of the part (ii) is easy in the case a > 2. Indeed, observe hrst 
that E|V“| < oo implies that V“ itself is a.s. hnite. Also, Theorem 12.31 (ii) 
actnally implies that E|V" \ {0}| —)■ 0 as a —)■ cxo, so P[V" = {0}] —)■ 1 by 
the Chebyshev ineqnality. 


13 








Now, let us prove that, in general, P[|V"| < cxd] = 1 implies that = 
{ 0 }] > 0. Indeed, if V" is a.s. hnite, then one can hnd a sufficiently large R 
such that P[|V" fl {I? \ B{R))\ = O] >0. Since P[a: ^ V“] > 0 for any x 7 ^ 0, 
the claim that P[V" = {0}] > 0 follows from the FKG inequality applied to 
events {x ^ V"}, x G B{R) together with {|V“ fl \ B{R))\ = O}. □ 

As before, we postpone the proof of part (iii) and the rest of part (ii) of 
Theorem 12.51 Let us remark that we believe that the right-hand side of (l22l) 
gives the correct order of decay of the above probability; we, however, do 
not have a rigorous argument at the moment. Also, note that the question 
whether is a.s. finite or not, is open. 

Let us now give a heuristic explanation about the unusual behaviour of 
the model for a G (1, 2): in this non-trivial interval, the vacant set is a.s. finite 
but its expected size is infinite. The reason is the following: the number of S- 
walks that hit B{r) has Poisson law with rate of order Inr (recall (fT2|) L Thus, 
decreasing this number by a constant factor (with respect to the expectation) 
has only a polynomial cost. On the other hand, by doing so, we increase the 
probability that a site x G B{r) is vacant for all x G B{r) at once, which 
increases the expected size of V“ r\B{r) by a polynomial factor. It turns out 
that this effect causes the actual number of uncovered sites in B{r) to be 
typically of much smaller order then the expected number of uncovered sites 
there. 

2.2 Simple random walk on a discrete torus and its 
relationship with random interlacements 

Now, we state our results for random walk on the torus. Let > 0) be 

simple random walk on with Xq chosen uniformly at random. Define the 
entrance time to the site x G by 


Tn{x) = inf{t > 0 : Xi = x}. 

(23) 

and the cover time of the torus by 


Tn = maxT„(x). 

(24) 

x&Zl 

Let us also define the uncovered set at time t, 


= {x G Z^ T„(x) > t}. 

(26) 
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Denote by —)■ Z^, T„(a;, ?/) = (x mod n,y mod n), the natural 

projection modulo n. Then, if Sq were chosen uniformly at random on any 
hxed n X n square, we can write Xk = Tn{Sk). Similarly, B{y,r) C Z^ is 
dehned by B{y, r) = TnB{z, r), where z El? is such that TnZ = y. Let also 

4cr n 9 
ta ■= —n In n 

71 

(recall that, as mentioned in Section 11.21 a = 1 corresponds to the leading- 
order term of the expected cover time of the torus). In the following theorem, 
we prove that, given that 0 is uncovered, the law of the uncovered set around 0 
at time ta is close to that of RI(a): 

Theorem 2.6. Let a > 0 and A be a finite subset of 7? such that 0 E A. 
Then, we have 

lim C I 0 e = exp ( - vra cap(R)). (26) 


Let us also mention that, for higher dimensions, results similar to the 
above theorem have appeared in the literature, see Theorem 0.1 of [12] and 
Theorem 1.1 of [23]. Also, stronger “coupling” results are available, see 


e.g. [Il|5l[l8l|22]. 

The proof of this theorem will be presented in Section H] To give a brief 
heuristic explanation for fl26l) . consider the excursions of the random walk X 
between and dB{n/3) up to time ta- We hope that Figure [S] is 

self-explanatory; formal dehnitions are presented in Section It is possible 
to prove that the number of these excursions is concentrated around N = 
Also, one can show that each excursion hits a hnite set A (such that 


2 q In^ n 
In Inn 


0 G A) approximately independently of the others (also when conditioning 
on 0 G with probability roughly equal to p = ^|i^^cap(A). This 

heuristically gives (l2^ since (1 — p)^ ~ exp ( — vra cap (A)). 


3 Some auxiliary facts and estimates 

In this section we collect lemmas of all sorts that will be needed in the sequel. 

3.1 Simple random walk in 1 ? 

First, we recall a couple of basic facts for the exit probabilities of simple 
random walk. 
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55(t) 



^0 


Figure 3: Excursions (depicted as the solid pieces of the trajectory) of the 
SRW on the torus 
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Lemma 3.1. For all x,y & 1? and R > 0 with x e B{y,R), |||/|| < R — 2, 
we have 


P4n{0)>Ti{dB{y,R))] = 


a(x} 


a(i?) + 0(^) ’ 

and for all y E B{r),x ^ B{y, R) \ B{r) with r + || 2 /|| < R — 2, we have 

a{x) — a{r) + 0 {r~^) 


P^MdBlr)) > n{aB{y,R))] = 


a{R) — a{r) + + r~^) 


(27) 


(28) 


as r, R ^ oo. 


Proof. Both (|27|) and fl28l) are easily deduced from the following argument: 
recall that the sequence a{SkATo(o))y ^ > 0, is a martingale, and apply the 
Optional Stopping Theorem together with ([6]) and (|H]). For the second state¬ 
ment, with 


T = Ti{dB{r)) ATi{dB{y,R)) and q = P^[Ti{dB{r)) > Ti{dB{y, R))], 


we write 


a(x) = £^[0(5^); T = n(dB(p,ll))] + E^[a(Sr);T = Ti(SS(r))] 

= q(a(R) + 0(My)) + (1 - «)(o(r) + 0(r-‘)), 

yielding (j28l) . The hrst statement has a similar proof. □ 


We have an estimate for more general sets. 

Lemma 3.2. Let A be a finite subset of 1? such that A C B[r) for some 
r > 0. We have for r -|- 1 < ||x|| < R — 2, ||(r|l -|- |||/|| < R — 1 


P,[T,(A)>n{aB(y,R))] 


a(:r)-cap(2l) + 0(!:5^) 
a(H) - cap(2i) + o(My + ■ 


(29) 


Proof. First, observe that, for u E A, 

Px[SriiA)=u\ = hmA(M)(l -h (30) 

Indeed, from (6.42) and the last display on page 178 of [13] we obtain 


Px[Sti{A) = 1 + (O/' T-lnlhlh 

Px'[Sr,iA)=u] ~ ^ M ^ 
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for all x' G 5i?(||x||). Since lim^(M) is a linear combination of P^' = u \, 

x' G 5i?(||a:||), fl5U|) follows. 

Then, we can write 

Px[Sr^{A) = u,ti{A) < Ti{dB{y,R))] 

= Px[Sri{A) =u] - Px[Sri{A) = U,Ti{A) > Ti{dB{y,R))] 

= hmA(M)(l + - Px[ti{A) > Ti{dB{y,R))] 

X ^ [SriiA) = u] Px [Sr-LiaBiy,R)) = Z \ Ti{A) > Ti {dB{y, P))] 

zGdB{y,R) 

= hmA(M)(l + - Px[ti{A) > Ti{dB{y,R))] hmA(M)(l + 

= hinA{u)Px[Ti{A) < Ti{dB{y,R))] (l + 

using twice the above observation and also that P(||a;||) C B{y,R), yielding 

Px[Sri{A) =u\ti{A) <Ti{dB{y,R))] = hmA(M)(l + . (31) 

Abbreviating q := Pj,[ri(A) > Ti[dB{y, R))'\, we have by the Optional Stop¬ 
ping Theorem and (IM]) 

a(x) = +0(My)) +(!-()) E„e/i\{o) hmyi(!i)(l + 

= q(a(R) + 0(My)) + (1 - 9)(1 + 0(^;|M)) capA). 

and fl29|) follows (observe also that cap(A) < cap(P(r)) = |lnr -|- 0(1), 
see flT^ b □ 

3.2 Simple random walk conditioned on not hitting the 
origin 

Next, we relate the probabilities of certain events for the walks S and S. 
For M C lA, let be the set of all nearest-neighbour hnite trajectories 
that start at x G M \ {0} and end when entering dM for the hrst time; 
denote also For A C write S' G A if there exists k such 

that (5*0, ..., S'*,) G A (and the same for the conditional walk S). In the 
next result we show that Pj, [ • | ^ 1 ( 0 ) > ri(c?P(P))] and Px[-] are almost 
indistinguishable on Fq^^j (that is, the conditional law of S almost coincides 
with the unconditional law of S'). A similar result holds for excursions on a 
“distant” (from the origin) set. 
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Lemma 3.3. (i) Assume A C We have 

P,[SeA\ ri(0) > Ti{dB{R))] =P,[Se A] (l + OHRlnR)-^)). 

(32) 

(ii) Assume that A C and suppose that 0 ^ M, and denote s = 
dist(0, M), r = diam(M). Then, for x G M, 


P^S e A] = P^S e A](^l + (33) 

Proof. Let us prove part (i). Assume without loss of generality that no 
trajectory from A passes through the origin. Then, it holds that 


F.[g e .4] = 

esA 


o(Pend) / 1 \ 


with |p| the length of g. On the other hand, by 


P,,[S e A\tM > T^{dB{R))] 


a{R) + 0{R-^) 
a{x) 



geA 


Since Pend £ dB{R), we have a(pend) = a{R) + 0{R~^), and so fl32ll follows. 

The proof of part (ii) is analogous (observe that a{yi)/a{y 2 ) = 1 + 0 ( 7 ^) 
for any 2 / 1 , 1/2 e M). □ 

As observed in Section 11.11 the random walk S is transient. Next, we 
estimate the probability that the S'-walk avoids a ball centered at the origin; 

Lemma 3.4. Assume r > 1 and ||a;|| > r + 1. We have 

P4f.(BM) = =o] = i-hh±^^, 

^ ^ a[x) 

Proof. By Lemma [3.31 (i) we have 

Pa;[ri(5(r)) = 00 ] = Ji^P^[ri(5P(r)) > Ti{dB{R)) \ ri(0) > ri(5P(P))]. 
The claim then follows from fl?r)) -fl28 |) . □ 
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Remark 3.5. Alternatively, one can deduce the proof of Lemma \3^\ from the 
fact that 1!a{Sk^fo{M)) ® martingale, together with the Optional Stopping 
Theorem. 


We will need also an expression for the probability of avoiding any finite 
set containing the origin: 


Lemma 3.6. Assume that 0 G A C B{r), and ||x|| > r + 1. Then 

nr-/.IN n 1 cap(A) Inrln llxl 

P^Iti{A) = «d| = I-tV- + ol 


(34) 


a[x) \ ||x|| 

Proof. Indeed, using Lemmas I3.2I and l3^ (i) together with (ETj), we write 


Px^i{A) = cx)] = lim Px[ti{A) > Ti{dB{R)) \ ri(0) > Ti{dB{R))] 

R^oo 


, a(R) + 0(R-A a{x)-cap{A) + 0{ 
= lim ^^^ X 
R^oo 


r In r In lltcl 


) 


ax 


a{R) - cap(A) + 0(R-i + ’ 


thus obtaining 


□ 


It is also possible to obtain exact expressions for one-site escape proba¬ 
bilities, and probabilities of (not) hitting a given site: 


Px[My) < oo] = 
for X 7 ^ I/, X, 2 / 7 ^ 0 and 


a(x) + a{y) - a{x - y) 
2 a(x) 


(35) 


P^\t,{x) < oo] = I - (36) 

for X 7 ^ 0. We temporarily postpone the proof of (l3^ -(l36 |) . Observe that, in 
particular, we recover from fl36|) the transience of S. Also, observe that fl3^ 
implies the following surprising fact: for any x 7 ^ 0 , 

lim Px[Ti{y) < 00 ] = 

y->-oo Z 

The above relation leads to the following heuristic explanation for Theo¬ 
rem |23] (hi) (in the case when A is hxed and ||x|| 00 ). Since the proba¬ 

bility of hitting a distant site is about 1 / 2 , by conditioning that this distant 
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site is vacant, we essentially throw away three qnarters of the trajectories 
that pass throngh a neighbonrhood of the origin: indeed, the donble-infinite 
trajectory has to avoid this distant site two times, before and after reaching 
that neighbourhood. 

Let us state several other general estimates, for the probability of (not) 
hitting a given set (which is, typically, far away from the origin), or, more 
specihcally, a disk: 


r In r In I 


Lemma 3.7. Assume that x ^ B{y,r) and ||r/|| 

d'l = Ibirv, ^2 = 

(i) We have 


> 2r > 1. 

In 


Abbreviate also 


’3 I { \\x-y\\ llnll ) 


Px\Ti{B{y,r)) < cx)] 


{a{y) + O(d'i)) {a{y) + a{x) - a{x - y) + 0{r ^)) 
a{x)(2a{y) — a{r) + 0(r“^ + 'Ll)) 

(37) 


(ii) Consider now any nonempty set A C B{y,r). Then, it holds that 


3 {a{y) + O(d'i)) {a{y) + a{x) - a{x -y) + 0{r ^ + d'g)) 

Ft \Tt{ A) < CXD = ^ - ^^7 -r- ^ 

a{x)[2a{y) - ca.p{A) + 0{^2)) 

(38) 

Observe that (l37ll is not a particular case of (l38|) : this is because (1^ 
typically provides a more precise estimate than ([29]). 

Proof. Fix a (large) R > 0, such that R > max{||a:||, |||/|| + r} + 1. Denote 

h, = P^[T,{0)<ri{dB{R))], 
h2 = Px[Ti{B{y,r)) < Ti{dB{R))], 

Pi = Px[ri{0) < Ti{dB{R)) ATi{B{y,r))], 

P2 = Px[Ti{B{y,r)) < Ti[dB{R)) Ari(O)], 
qi 2 = Po[Ti{B{y,r)) < Ti{dB{R))], 
q2i = Pu[rM<n{dB{R))], 


where v is the entrance measure to B{y, r) starting from x conditioned on the 
event {Ti{B{y,r)) < Ti{dB{R)) Ari(O)} , see Figure IH Using Lemma 13.11 
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Figure 4: On the proof of Lemma [3.71 
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we obtain 


hi = 1 — 

a{x) 

(39) 

a{R) + 0{R-^)' 

/l2 = 1 ~ 

a{x — y) — a{r) + 0 {r~^) 

(40) 

a{R) — a{r) + 0{R~^\\y\\ + r~^) ’ 

and 



gi2 = 1 - 

a{y) — a{r) + 0 {r~^) 

(41) 

a{R) — a{r) + 0{R~^\\y\\ + r“^) ’ 
a{y) + 0 {\\y\\-^r) 

to 

1 

(42) 

a{R) + 0 {R-my\\y 

Then, as a general fact, it holds that 



hi = Pi + P 2 q 2 i, 
h 2 = P 2 +Piqi 2 - 


Solving these equations with respect to pi,P 2 , we obtain 



hi - h 2 q 2 i 

Pl= 1 

1 - qi 2 q 2 i 

(43) 


h 2 - hiqi 2 

P 2 = ^ 

1 - gi2g2i 

(44) 


and so, using we write 


P^[n{B{y,r)) < n{dB{R)) \ ri(0) > n{dB{R))] 

^ P 2 O- - q2i) 

1 — hi 

_ {h2 - hiqi2){l - q2i) 

(1 - hi){l - qi2q2i) 


aix 


a(R) + 0(R 


- 1 ' 


+ 


a(y) — a(r) + 0(r 
a(R) — a{r) + 0{R~^\\y\\ + r~^) 


X 


a(x — y) — a{r) + 0{r 
“ a{R) - a{r) + 0{R-my\\ + r-^) 
a{y) + 0{\\y\\~^r) / a{x) \-i 

a{R) + 0{R-my\\) \a{R) + 0{R-^) J 


-y\\ 

In^R )) 
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X 


a{y) - a{r) + 0 {r a{y) + 0 {\\y\\ V) / ln^|||/|| \\ 

a{R)-a{r) + 0{R-my\\+r-^) a{R) + 0{R-my\\) \ \n^ R ) J 

Sending R to infinity, we obtain the proof of (j37]). 

To prove fl38l) . we use the same procedure. Dehne Pi, 2 ^ Q 21 

the same way but with A in place of B{y,r). It holds that h[ = hi, is 
expressed in the same way as ^21 (although ^21 and ^21 are not necessarily 
equal, the difference is only in the error terms 0{-)) and, by Lemma [3.21 

^ a(x-y)-cap(A) + 0( -"ar"" ) 

a(fl) - cap(A) + 0(fl--||x- »|| + ' 

, ^ o(y)-cap(/l) + 0(!:i!lg!«) 

After the analogous calculations, we obtain fl55]) . □ 

Proof of relations fl^ - fl36l) . Formula fl36l) rephrases ffTHl) with A = {0,a;}. 
Identity fl35l) follows from the same proof as in Lemma 13.71 (i), using flTTl) 
instead of fl28l) . □ 


3.3 Harmonic measure and capacities 


Next, we need a formula for calculating the capacity of three-point sets: 

Lemma 3.8. Let Xi,X 2 , X 3 G and abbreviate Vi = X 2 — Xi, V 2 = x^ — X 2 , 
V 3 = Xi — X 3 . Then, the capacity of the set A = {xi,X 2 ,x^} is given by the 
formula 

_ a{vi)a{v2)a{v3) _ 

a(ni)a(n2) a(ni)a(n3) a{v2)a{v3) - ^[a‘^{vi) + a'^(v2) a^(n3)) 

Proof. By Proposition 6.6.3 and Lemma 6.6.4 of [13], the inverse capacity 
of A is equal to the sum of entries of the matrix 


-1 


0 

= 1 a{vi) 


^ 0 (^ 3 ) 
and this implies (l45l) . 


a{vi) a(v 3 y 
0 a(v2) 

a(v2) 0 


a('»2) 


a(vi)a(v3) 

1 


a(ui) 

1 

a(v3) 


a(vi) 

aha) 


a('!;i)a(i;2) 

1 


a(v2) 


a{v 3 ) 

1 

a{v 2 ) 

a(^l) 




a{v2)a{v3) / 


□ 

























Before proceeding, let us notice the following immediate consequence of 
Lemma [3.61 for any finite ^4 C such that 0 G A, we have 

cap(y4) = lim a{x)Pj^i{A) < oo]. (46) 

||x||—)-oo 


Next, we need estimates for the S'-capacity of a “distant” set, and, in 
particular of a ball which does not contain the origin. Recall the notations 
^ 1 , 2,3 from Lemma [3.71 

Lemma 3.9. Assume that |||/|| > 2r > 1. 

(i) We have 


cap ({0} UB(j/,r)) 


(afa) + 0(>l»i)) (a(») + O(r-i)) 

2 a{y) — a(r) + 0 {r~^ + 4>i) 


(47) 


(ii) Suppose that A C B{y^r). Then 


cap ({0} U A) 


{a{y) + 0 {^!i))[a{y) + 0 {r ^ + '^ 2 )) 
2 a{y) - cap(R) + 0 (d' 2 ) 


(48) 


Proof. This immediately follows from fl46|) and Lemma 13.71 (observe that 
a(x) — a(x — I/) —0 as X — 00 and T 3 becomes T 2 ). □ 

We also need to compare the harmonic measure on a set (distant from 
the origin) to the entrance measure of the S'-walk started far away from that 
set. 

Lemma 3.10. Assume that A is a finite subset of 1 ? , 0 ^ A, x 7 ^ 0, and 
also that 2 diam{A) < dist(x, A) < idist(0,a4). Abbreviate u = diam(a4), s = 
dist(x. A). Assume also that A' C lA (finite, infinite, or even possibly empty) 
is such that dist(a4, W) > s + 1 (for definiteness, we adopt the convention 
dist(a4,0) = cxo for any A). Then, for y & A, it holds that 

Px[S 9 pA) = y I ri{A) < oo,ri(A) < Ti{A')] = hm^(|/)(^l + 

(49) 
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Proof. Let Zq E A he such that ||zo — 3;|| = s, and observe that A' n 
B{zo,s) = 0. Dehne the discrete circle L = dB{zo,s)-, observe that x E L 
and dist(2;',74) > s/2 for all z' E L. Let 

a = sup {O < fc < ti{A) ■. Sk E 

be the last time before ti{A) when the trajectory passes through L. Note 
also that for all z G L (recall dM])) 

Pz[Sri(A) =y\Ti{A) < Ti{L)] = hm^(|/)(^l + <^(-^))- (50) 

Using the Markov property of S, we write 

P^[ti{A) < oo,ri(A) < fi(A'),^fpA) = y] 

= X] Px[ti{A) < oo,ti{A) <Ti{A'),a = k,S^ = z,Sri(A) = y] 

k>0,zGL 

= h[Sk = z,Se^ AU A' for all i < k] 

k>0,zGL 

X P,\fi(A) < (Xi,fi(yl) < = y,Si<^L for all < < T,(yl)]. 

( 51 ) 


Abbreviate r = dist(0,A). Now, observe that the last term in flHTll only 
involves trajectories that lie in B{zo, s), and we have dist (O, B{zo, s)) > r/2. 
So, we can use Lemma 13.31 (ii) together with fl50l) to write 

< oo,fi(A) < fi(A'), =y,Si^ L for all i < fi(A)] 

= P. =y,Se^L for all £ < ri(A)] (l + o(^)) 

= P.[Sr,(A) = y I P{A) < ri(L)]P.[ri(A) < ri(P)] (l + o(^)) 

= hmA(2/)P.[ri(A) < fi(L)] (l + C>(^ + ^))- 
Inserting this back to fl5Tl) . we obtain 


Pa;[ri(A) < oo,fi(A) < fi(A'),P?i(A) = y] 

, / nlnw' 

= hmA(2/)(^l + 


Inr 


+ 
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X 


P, = z,S,^AU A' for all i < k]P, [t,{A) < fi(L)] 

k>0,zGL 

= hmA{y)P,[T^{A) <cx),fi(A) <Ti{A')] + + 

and this concludes the proof of Lemma 13.101 (observe that the hrst term 
in O(-) is of smaller order than the second one). □ 

3.4 Random walk on the torus and its excursions 

First, we dehne the entrance time to a set 4 C by 

Tn{A) = minTnix). 

xGA 

Now, consider two sets 4 C 4' C Z^, and suppose that we are only 
interested in the trace left by the random walk on the set A. Then, (apart 
from the initial piece of the trajectory until hitting dA' for the hrst time) it is 
enough to know the excursions of the random walk between the boundaries 
of A and A'. By dehnition, an excursion p is a simple random walk path 
that starts at dA and ends on its hrst visit to dA', i.e., g = (po, • • •, Qm)) 
where Qq G dA, g^ G dA', g^ ^ dA' and gk ~ gk+i for k < m. With some 
abuse of notation, we denote by g^t ■= go and Pend := Qm the starting and 
the ending points of the excursion. To dehne these excursions, consider the 
following sequence of stopping times: 

Do = Tn{dA'), 

Ji = inf{t > Do: XtE dA}, 

Di = inf{t > Ji:Xte dA'}, 

and 


Jk = inf{t > Dk-i : W G dA}, 

Dk = inf{t >Jk:Xte dA'}, 

for k > 2. Then, denote by Zh) = (Wj.,..., the ith excursion of X 
between dA and dA' , for i > 1 . Also, let = {Xq, . . ., Xdq) be the 
“initial” excursion (it is possible, in fact, that it does not intersect the set A 
at all). Recall that ta := \y? n and dehne 

Na = max{/c : Jk < ta}, (52) 
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N'^ = iaax{k : Dk < t^} (53) 

to be the number of incomplete (respectively, complete) excursions up to 
time ta- 

Next, we need also to define the excursions of random interlacements in 
an analogous way. Assume that the trajectories of the S'-walks that inter¬ 
sect A are enumerated according to their u-labels (recall the construction in 
Section 1271]) ■ For each trajectory from that list (say, the jth one, denoted 
and time-shifted in such a way that ^ A for all k < —1 and Sq'^ G A) 
dehne the stopping times 

Ji = 0, 

bi = inf{t > Ji : e M'}, 

and 

Jk = inf{t > bk-i : e dA], 

bk = inf{f > Jk : G dA'}, 


for k > 2. Let ij = inf{/c : Jk = cxo} — 1 be the number of excursions 
corresponding to the jth trajectory. The excursions of RI(a) between dA 
and dA' are then dehned by 

’Jm J-^m 

where i = m YbibX and m = 1,2,.. .£j. We let Ra to be the number 
of trajectories intersecting A and with labels less than air, and denote Na = 
b to be the total number of excursions of RI(a) between dA and dA'. 

Observe also that the above construction makes sense with a = cxd as well; 
we then obtain an inhnite sequence of excursions of RI (=RI(oo)) between dA 
and dA'. 

Finally, let us recall a result of [S] on the number of excursions for the 
simple random walk on 


Lemma 3.11. Consider the random variables JkiDk defined in this section 
with A = - 8 ( 3 ^ 7 ;;); A' = Then, there exist positive constants ^o^cq 

such that, for any 6 with < S < Sq, we have 


P 


Jk ^ ( (1 “ 


2n^ In In n 


k,il + 6) 


2n^ In In n 


vr TT 

and the same result holds with Dk on the place of Jk- 


> 1 — exp ( — cS^k), (54) 








Proof. This is, in fact, a particular case of Lemma 3.2 of [S]. □ 

We observe that (l5T|) means that the “typical” number of excursions by 
time s is 2 nnninn - particular, a useful consequence of Lemma 13. lll is that 
for all uniformly positive a and all large enough n 


(1-5) 


2a In^ n 
In In n 


< iV„ < (1 + (5) 


2a In^ n 
In Inn . 


> 1 — exp ( — c5 


, In^n 
In Inn 


, (55) 


and the same result holds with N'^ on the place of where Na,Nf are 
dehned as in (15^ -(153 |) with A = . 8 ( 3 ^^), A' = 


4 Proofs of the main results 

We hrst prove the results related to random interlacements, and then deal 
with the connections between random interlacements and random walk on 
the torus in Section 14.21 


4.1 Proofs for random interlacements 


First of all, we apply some results of Section |3] to finish the proof of Theo¬ 
rem [231 


Proof of Theorem \2.S[ parts (iii)-(v). Recall the fundamental formula (1^ for 
the random interlacement and the relation ([ 6 ]). Then, the statement (iv) fol¬ 
lows from Lemma iTSl and from ffTSl) . while (v) is a consequence of Lemma l3.9l (i). 

Finally, observe that, by symmetry. Theorem 12.31 liiL and Lemma 13.91 fiii 
we have 


C V“ I x G V"] = exp ( — 7 rQ!( cap(4 U {x}) — cap({0, x})) 

(“W+0(Tr“))' 


= exp 


ira 


ax 


r Inr In llxll 


2 a(x) - cap(4)-h 0 ( 

1 + 


= exp I-— cap(^)- ^ ^ 

* 4 ^ \ I Q / r In r \ j ’ 

2a(x) V ||x|| / / 


thus proving the part (iii) 


□ 
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Proof of Theorem \2.5\ (Hi). We start by observing that the hrst part of (iii) 
follows from the bound fl22p and Borel-Cantelli. So, let us concentrate on 
proving fl22l) . Recall the following elementary fact: let iV be a Poisson 
random variable with parameter A, and Yi,Y 2 ,Y ^,... be independent (also 
of N) random variables with exponential distribution S (p) with parameter p. 
Let 0 = tie the corresponding compound Poisson random variable. 

Its Cramer transform b X{\/b — 1)^ is easily computed, and Chernov’s 
bound gives, for all 6 > 1, 

P[0 > bXp~^] < exp ( — X{Vb — 1)^). (56) 

Now, assume that a < 1. Fix (3 G (0,1), which will be later taken close 
to 1, and £x some set of non-intersecting disks B[ = B{xi,r^),..., B'l^^ = 
B{xk^,r^) C B{r) \ B{r/2), with cardinality kr = Denote also 

Bj := B{xj,j^), j = l,...,kr. 

Before going to the heart of the matter we briefly sketch the strategy of 
proof (also, one may hnd it helpful to look at Figure [5]). We start to show 
that at least a half of these balls R, will receive at most b ff^f excursions 
from dBj to dB'- up to time 1^, where fe > 1 is a parameter (the above 
number of excursions is larger than the typical number of excursions by 
factor b). Moreover, using the method of soft local times [61 US], we couple 
such excursions from RI{a) with a slightly larger number of independent 
excursions from the S'-walk: with overwhelming probability, the trace on 
UjBj of the latter excursion process contains the trace of the former, so the 
vacant set V" restricted to balls Bj is smaller than the set of unvisited points 
by the independent process. Now, by independence, it will be possible to 
estimate the probability for leaving that many balls partially uncovered, and 
this will conclude the proof. 

Let us observe that the number of S'-walks in RI (a) intersecting a given 
disk Bj has Poisson law with parameter A = (1 -|- o(l))^^lnr. Indeed, the 
law is Poisson by construction, the parameter ira cap(i?jU{0}) is found in (P|) 
and then estimated using Lemma [3.91 (i). 

Next, by Lemma IRTI fi). the probability that the walk S started from any 
y G dB'j does not hit Bj is (1 -|- o(l)) ^ 2 -Pj\nr - This depends on the starting 

point, however, after the hrst visit to dBj, each S'-walk generates a number of 
excursions between dBj and dB) which is dominated by a geometric law G{p') 
(supported on {1, 2, 3,...}) with success parameter p' = (1 + o(l)) 
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Figure 5: On the proof of Theorem 12.51 (iii). With high probability, at least 
a positive proportion of the inner circles is not completely covered. 
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Recall also that the integer part of S{u) is geometric G(1 — e “). So, with 
p = — ln(l — p'), the total number Na'^ of excursions between dBj and dB’- 
in RI(q!) can be dominated by a compound Poisson law with S{p) terms in 
the sum with expectation 


Xp ^ 


(1 + 0 ( 1 )) 


2a In^ r 
3 In In 


Then, using (156|) . we obtain for & > 1 


P 


NU) > b 


2a In^ r ' 
31nlnr^- 


< exp (^ - (1 + o(l)) (\/6 - 1)^^^ Inr j 


(57) 


Now, let Wb be the set 


Wb = \j < kr : < b 


-P[|{l,...,A;4\lRb| > kr/2] < E| A:,} \l+f,| < 


2 a In^ r 
3 In In 

Combining (1571) with Markov inequality, we obtain 

kr 
~2 
so 

P[|lRb| > A:^/2] > 1 - (58) 

Assume that 1 < 5 < a~^ and {3 G (0,1) is close enough to 1, so that 
^ < 1. As in Section 1331 we denote by ^ ^ the excursions of 

RI(a) between dBj and dB'j. Also, let ... be a sequence 

of i.i.d. S'-excursions between OBj and 55', started with the law hm^^ ; these 
sequences themselves are also assumed to be independent. 

Abbreviate m = Next, for j = 1 ,..., kr we consider the events 


Dj = 




Lemma 4.1. It is possible to construct the excursions (Z++, k = 1,..., Na^), 
(Z++,A: = 1,2,3,...), j = 1,kr, on a same probability space in such a 
way that for a fixed G' > 0 

P[B']<exp(-C'-+(^), (69) 


(In In r) 


for all i = 1,..., kr 
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Proof. This coupling can be built using the method of soft local times of [TB] : 
in this specihc situation, the exposition of [B] is better suited. Roughly 
speaking, this method consists of using a marked Poisson point process on 
(IJ^- dBj^ X M+, where the “marks” are corresponding excursions; see Sec¬ 
tion 2 of [6] for details. Then, the Z-excursions are simply the marks of the 
points of the Poisson processes on dBj x M+ ordered according to the second 
coordinate, so they are independent by construction. The Z-excursions are 
also the marks of the points of these Poisson processes, but generally taken 
in a different order using a special procedure; Figure 1 of [B] is, hopefully, 
self-explanating and may provide some quick insight. 

The inequality (l59|) then follows from Lemma 2.1 of [6] (observe that, by 
Lemma [3.101 the parameter v in Lemma 2.1 of [6] can be anything exceeding 
0 (1/In^r), so we choose e.g. v = (Inliir)”^; also, that lemma is clearly valid 
for R-excursions as well). □ 

We continue the proof of part (iii) of Theorem 12.51 Define 

c = n 

j<kr 

using fl59|) . we obtain by the union bound the subpolynomial estimate 

P[C']<ir^<‘-«exp(-C'jT^). ( 60 ) 

Let 5 > 0 be such that (1 + 6)^ < 1. Define the events 

Qj = {Bj is completely covered by U • • ■ U }. 

Then, for all j < kr it holds that 

ne,] < i (61) 

for all large enough r. Indeed, if the Z’s were independent SRW-excursions, 
the above inequality (with any fixed constant in the right-hand side) could be 
obtained as in the proof of Lemma 3.2 of [6] (take H = hm^^. and n = 3r^ -1-1 
there). On the other hand. Lemma 1331 (ii) implies that the hrst (1 -|- 5)m S- 
excursions can be coupled with SRW-excursions with high probability, so (IBT]) 
holds for S'-excursions as well. 
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Next, define the set 


W = [j <kr occurs}. 


Since the events {Gj,j < K) are independent, by (IMl) we have (recall that 
kr = 


P 


lld^l > -kr 
5 


> 1 _ exp ( - 


(62) 


for all r large enough. 

Observe that, by construction, on the event D we have V" O i?' 7 ^ 0 for 
all j G hh n Wb- So, using fl58|) . fl62l) . and fl60|) . we obtain 


P 


V“n (5(r) \5(r/2)) = 0 


< P 


li^bl < + F[D^] +p[|iy| < 

Zi j L 0 


< 


+ exp ( - Or^d-O) + exp ( - 

^ ^4 V (lnlnr) 2 / 


(In Inr) 


Since b E (1, a can be arbitrarily close to a ^ and {3 G (0,1) can be 
arbitrarily close to 1 , this concludes the proof of ( 122 ]) . □ 


Proof of Theorem \2.5\ (ii). To complete the proofs in Section [2T1 it remains 
to prove that |V“| < 00 a.s. for a > 1. First,we establish the following 
elementary fact. For x G dB{2r) and y G B[r) \ B{r/2), it holds 


1 1 

T’x[fi(5(?/))< fi(5(r Inr))] =^^(l + o(l)). (63) 


Indeed, dehne the events 


Go = {ri(5(0)) < ri(5(rlnr))}, 

Gi = {Ti{B{y)) < ri(5(rlnr))}; 

then. Lemma 13.11 implies that 

Px[Go] = (1 + 0 ( 1 )) = P 3 ;[Gi ](1 + 0 ( 1 )). 

Observe that 


Px[Go n Gi] — Px[Go U Gi]P3;[Go n Gi I Go U Gi] 
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So, 


< {Px[Gq] + Px[G]\') (Po[G^l] + Py[Go\) 

, /In In r\ 2 


P [Gi I G'^] = ~ Px[Go n Gi] 


In In r 


In r 


1 - Px[Go] 
(l + o(l)), 


and we use Lemma 13.31 to conclude the proof of 
Now, the goal is to prove that, for a > 1 

P[there exists y G B{r) \ B{r/2) such that y G V“] < L^(i+o(i))_ 

(64) 

This would clearly imply that the set V“ is a.s. hnite, since 
{V“ is inhnite} = {V“n(P(2”)\P(2"“^)) ^ 0 for inhnitely many n}, (65) 

imply that the probability 


and the Borel-Cantelli lemma together with 
of the latter event equals 0. 

Let Na^r be the number of S'-excursions of RI(q!) between dB{r) and 
dB{r\nr). Analogously to fl57)) fusing Lemma 13^ in place of Lemma l3.7h i)i. 
it is straightforward to show that, for 6 < 1, 


P 


Nr, r < b 


2a In^ r 


< r 


— 2q:(1 —\/6)2(1+o(1)) 


Inlnr . 

Now, (16^ implies that for y G B{r) \B{r/2) 


( 66 ) 


P 


, , „ 2q! In^ r 

y IS uncovered by hrst b ——;-excursions 


In In r 


< 1 - 


In Inr 
Inr 

^ ^-2&a(l+o(l)) 


(1 + 0 ( 1 )) 


(67) 


SO, using the union bound. 


P 


3i/GP(r)\P(r/2):i/GV“,iV„,, >5 


2a In^ r 
Inlnr . 


< r 


-2(6a-l)(l+o(l)) 


. (68) 


Using fl66|) and fl68l) with b = |(l + we conclude the proof of fl641) and 
of Theorem 12.51 (ii). □ 
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4.2 Proof of Theorem 12.6 

Let us first give a more detailed heuristic argument for fl26|) . As usual, 
we consider the excursions of the random walk X between and 

dB{n/3) up to time ta- Recall that denotes the number of these excur¬ 
sions. Lemma [3.111 shows that this (random) number is concentrated around 
^ininn^ ’ with deviation probabilities of subpolynomial order. This is for un¬ 
conditional probabilities, but, since the probability of the event {0 G 
is only polynomially small (actually, it is the same holds for the 

deviation probabilities conditioned on this event. So, let us just assume for 
now that the number of the excursions is exactly a.s., and see where 

will it lead us. 

Assume without restriction of generality that 0 G A. Then, Lemmas 13.11 
and 13.21 imply that 

• the probability that an excursion hits the origin is roughly 

• provided that cap (A) <C Inn, the probability that an excursion hits the 
set A is roughly 

So, the conditional probability p* that an excursion does not hit A given that 
it does not hit the origin is 


1 - 


P* 


In Inn 
ln(n/3) 


(1 + 


TT cap (A) \ 
2ln(n/3)/ 


TT In In n 


1 - 


In Inn 

ln(n/3) 


2 In" 


n 


cap(A), 


and then we obtain 


,A c a 


(n) 


0 6 ( 7 ”] 





71 In In n 

2 In^ n 

exp ( 

— 77 Oi ca] 


ca 


2a In^ n 

In In n 


which agrees with the statement of Theorem 12.61 

However, turning the above heuristics to a rigorous proof is not an easy 
task. The reason for this is that, although Na is indeed concentrated around 
it is not concentrated enough: the probability that 0 is not hit during k 


excursions, where k varies over the “typical” values of Na, changes too much. 


36 



























Therefore, in the proof of Theorem l2.6l we take a different route by considering 
the suitable h-transform of the walk, as explained below. 

Dehne for a: G and any t 

h{t,x) = Px[Tn{0) > t] 


(so that h{t,x) = 1 for f < 0). To simplify the notations, let us also assume 
that ta is integer. We will represent the conditioned random walk as a time- 
dependent Markov chain, using the Doob’s h-transform. Indeed, it is well 
known and easily checked that the simple random walk on conditioned 
on the event {0 G is a time-dependent Markov chain X with transition 

probabilities given by 

P[W +1 = y\Xs=x] = X -, (69) 

if X and y are neighbours, and equal to 0 otherwise. For simpler notations, we 
do not indicate the dependence on ta in the notation X. In order to proceed, 
we need the following fact (its proof can be skipped on a first reading). 


Lemma 4.2. For all A G (0,1/5), there exist ci > 0, ni > 2, ai > 0 (depend¬ 
ing on X) such that for all n > ni, 1 < (3 < ailnn, ||a;||, |||/|| > An, |r| < [3n^ 
and all s > 0, 


h{s,x) ^ ^ Ci/3 
h{s + r,y) “Inn 


(70) 


Proof. Denote 

h{t,p.) := P;,[T„(0) > t], 

where Pfj,[-] is the probability for the simple random walk on Z^ starting from 
the initial distribution p. 

Using the local CLT for the two-dimensional SRW (e.g.. Theorem 2.3.11 
of [13]) it is straightforward to obtain that for a large enough k > 2 and all 
t > and x G Z^ 

Po[Xt = x]<^. (71) 

Let us dehne the set Xi of probability measures on Z^ in the following 
way: 

Xi = {u : < 7Kj^n“^ for all j < An}; 

observe that any probability measure concentrated on a one-point set {x} 
with ||x|| > An belongs to Xi. Assume from now on that n is odd, so that 
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the simple random walk on is aperiodic (the case of even n can be treated 
essentially in the same way, with some obvions modifications). Recall that 
the uniform measure po on Z^, i.e., ^q{x) = n~^ for all x G Z^, is the invariant 
law of simple random walk X on Z^. It is straightforward to observe that 
/io £ -M; moreover, it holds in fact that < 7j^n~^ for all j < An 

(i.e., with K = 1). Thus, for any probability measure u such that u{x) < 
K/io(x) for all X G B{Xn) it holds that n G Ai. So, fITT]) implies that 

G Ai for any u and all t > m?. (72) 

Let us abbreviate = Pi,[Xs G • ]. Recall that the mixing time of X 

is of order n^ (e.g.. Theorem 5.5 in [H]). Using the bound on the separation 
distance provided by Lemma 19.3 of [H], it is clear that for any e G (0, 1) one 
can hnd large enough d (in fact, d = 0(ln£“^)) such that for any probability 
measure u it holds that uPd) > (1 — e)jjiQ for all s > {d — l)rd. Using (172]) . 
we obtain for all s > drd, 

uPd) = (1 - - (1 - 

= {1 — e)fio + ed, with P G Al. (73) 


We are now going to obtain that there exists some C 2 > 0 such that for 
all b G {1, 2, 3,...} and all u G A4, 

hr 

h{hn\ u) = Pu[Tn{0) > bn^] >1-^. (74) 

Inn 

To prove fl74D . let us first show that there exists C 3 = C 3 (A) > 0 such that 

F4T„(0) < T^{dBi\n))] < (75) 

for all u G Ai. Abbreviate Wj = \ P(|j) and write, using fl27)) 


u{x)P,[Tr,{0) <Tr,{dB{Xn))] < p{x)(l 


a{x) 


xeWi 


xeWi 


< Tnn ^ X 


a(An) + 0{n~^] 


X^rd 


< 


In An 


X 


220 - 1 ) 

7njX'^ In 2 
220-1) 


X 1 


In An — j In 2 
In An + 0{n~^) 
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Let ?o be such that ^ < ^=. Write 

vlnn 


P,[T^{Q) <T^{dB{\n))] 

<u(b 


n 


VT 


nn 


Jo 


EE-'( x)P 4T„(0) <T„(a5(An))] 

j=l x(^Wj 


< 


Ik 

Inn 


1 

In An 


E 


j=i 


Tkj'A^ In 2 
22(j-i) 


for n G jM, which proves (1751) . To obtain fl74|) . let us recall that G M 

for any n by (172]) . Observe that the number of excursions by time n^ be¬ 
tween dB{Xn) and dB{n/3) is stochastically bounded by a Geometric random 
variable with expectation of constant order. Since (again by (1271) ') for any 
X G dB{Xn) 

P.[Tn{0) < Tn{dB{n/3))] < 

for some C 4 = C 4 (A), and, considering a random sum of a geometric number 
of independent Bernoulli with parameter C 4 /lnn, using also (1751) it is not 
difficult to obtain that for any u E M 

Pu[Tn{0) < n^] < (76) 

Inn 

The inequality d74|) then follows from d76|) and the union bound, 

h 

P.[T„(0) < kn^] < 5^P,po„2)[T„(0) < n^] < (77) 

i=o 


Now, let c' G {1,2,3,...} be such that £ < 1/3 in (j73l) . Assume also 
that n is sufficiently large so that (l — ^ < 2. Then, (ITil) implies that 

for all s < c'lP and u E M 


^ ^ 1 _i = (i_ 

h{s,v) ~ 1 — V Inn/ Inn’ 

^ ^ ^ Inn 


and therefore 

h(g,p) _ ^ ^ 3 cA2 
h(s, n) “ Inn 


for any n G Ad and arbitrary p. 


(78) 
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for any /i G and arbitrary u. 


(79) 


^ ^ 3c'c2 


/i(s, v) 


Inn 


We now extend fl78l) - fl79l) from times s < Sq = c'ri^ to all times using 
induction. Let = (/c + l)c'n^, and consider the recursion hypothesis 


{Hk 


fl78|) and (1791) hold for s < Sk, 


that we just have proved for k = 0. Assume now (77^) for some k. Dehne 
the event Gr^s = {^j 7 ^ 0 for all r + 1 < j < s}, and write 


h{s + t, fi) — Pf^[Gt,s+t]Pii[Tn{0) > t I Gt,s+t] 


(80) 


Abbreviate t = diP for the rest of the proof of the Lemma. Let us estimate 
the second term in the right-hand side of flHOD . Let 7 ( 0 ,*] be the set of all 
nearest-neighbour trajectories on of length t. For g G Fjo^i] we have 

Pfilol = and 


PAi! I G,.»] = P(i-0)(j)'"' X < P(i-o)(j 


'lyei 


1 + 


3c'C 2 

Inn 


using the relation fl78|) for s < Sk- Summing over g such that T„(0) < t and 
using (TMl) . we obtain, for p G Ad, 

p„|r„(0) > 1 1 G ,,,+<1 > 1 - + !£hy (81) 

In n V In n / 

Now, we use fl73]) and flSU]) to obtain that, with /i', u' dehned in fl75]) . 

h{s + t,^) _ /j.(5,/iP('))P^[T„(0) > t I Gt,s+t\ 
his + t, n) “ his, z/PW)P,[T„(0) > t I Gt,s+t] 

^ > 1 1 G,,.+t] 

for s < Sk- We now use (Pfc) for the two ratios of h’s in the above expression, 
we also use dST]) for the conditional probability in the denominator - simply 
bounding it by 1 in the numerator - to obtain 


< 




h(s + 1, n) 

Ml+W" (l-£ + e(l-f?))(l-a(l + ff))’ 
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that is, 


h{s + t,/i) 
h{s + 1, v) 


1 < (6e + 1) 


C'C2 

Inn 


+ o((lnn) 


ioi V ^ M.. Since e < 1/3, for large enough n we obtain that fITSll also holds 
for all s < Sfc+i- In the same way, we prove the validity of for s < s^+i. 

This proves the recursion, which in turn implies flTOj) for the case r = 0. 
To treat the general case, observe that 


h{s+ r,y) = h{r,y)h{s,v), where i^(-) = = • | T„(0) > r], (82) 

Note that, by fl77|) . we can choose ai in such a way that Py[Tn{0) > r] > 
Now, without loss of generality, we can assume that r > cn^, where c is such 
that 2Py[Xt = ■] G for all t > cn^ (clearly, such cexists; e.g., consider (173|l 
with e = 1/2). Then, the general case in (170l) follows from (177)) and (|8^ . □ 

Now we are able to prove Theorem 12.61 
Proof of Theorem \2.(A Abbreviate dn,a = and 


Is 


n,a 


(1 ^n,a) 


2a In^ n 
In Inn 


(1 + Sn,a) 


2a In^ n" 
In Inn . 


Let Na be the number of excursions between and dB{n/3) up to 

time ta- It holds that P[0 G = 77 ,- 2 “+o(i)^ ^ee e.g. (1.6)-(1.7) in [6]. 

Then, observe that fl5^ implies that 




0 e < 


P|iv» i KJ 

P|0 e (/£■>] 


<n2«+°(i) xn-^'“'. 


where C is a constant that can be made arbitrarily large by making the 
constant C in the dehnition of 5n,a large enough. So, if C is large enough, 
for some c" > 0 it holds that 


^[No. e I 0 G ui:^] > 1 - n-'^"“. (83) 

We assume that the set A is hxed, so that cap(A) = 0(1) and diam(A) = 
0(1). In addition, assume without loss of generality that 0 G A. Recall 
that with (18 3 p we control the number of excursions between and 

dB{n/3) up to time ta- Now, we estimate the (conditional) probability that 
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an excursion hits the set A. For this, observe that Lemmas 13.1113.21 and 13.31 
imply that, for any x E 


Px[ti{A) > Ti{dB{n/3))] 

_ Px;[ti{A) > ri(<95(n/3)),ri(0) > Ti{dB{n/3))] 
Px[ti{ 0) > Ti{dB{n/3))] 

_ a{x) - cap( 74 ) + 0{^^) a{n/3) + 0{n~^) 

~ a{n/3) - cap(/l) + O(^) 


(l + 0((?7,ln?7,) ^))) 
(l + 0((?7,ln?7,)“^))) 


cap (A) 
a{x) 
cap (A) 
a(n/3) 


(l + 0{n ^ Inn)) 


= 1 


71 

2 


, ,, In In n / , , x 

cap(A)—(l + o(l)). 
In n 


(84) 


Note that the above is for F-excursions; we still need to transfer this result 
to the conditioned random walk on the torus. 

Recall the notation Fq^^j from the beginning of Section 13.21 Then, for a 
fixed X E ^- 8 ( 3 ^) let us define the set of paths 

Aj = {p e fJ,^/ 3 : (j - l)n^ < IpI < jn^}. 


It is straightforward to obtain that (since, regardless of the starting posi¬ 
tion, after O(n^) steps the walk goes out of B{n/3) with uniformly positive 
probability) 

max {Px[Aj], Px[Aj]) < (85) 

for some c > 0 . 

To extract from (IHTl) the corresponding formula for the X-excursion, we 
first observe that, for x E dB[j^) and s > n^Ann 


h{s,x) = Px[Tn{0) > Tn{dB{n/3))] x Px[Tn{0) > s \ T„(0) > Tn{dB{n/3))] 

+ Px[T^idBin/3))>T^{0)> s] 

= / > * I > r„(aB(n/3))| 

a[n/3) + 0[n ^) 


a(x} 


a{n/3) + 0{n' 


— ^ h(s -k,y)eg_k + 4’i 


( 86 ) 


y&dB{n/3), 

k>l 
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where iy^k = [^r,(aB(n/ 3 )) = y,Tn{dB{n/3)) = k \ Tn(0) > T„((95(n/3))] 

and V’x,s,n = Px[Tn{dB{n/?,)) > T„(0) > s]. Clearly, by (ES]), 'ipx,s,n < 
ma.Xx Px[Tn{dB{n/3)) > s] < for some C > 0 . 


Also, we need the following fact: there exist ce, Cg > 0 such that 



(87) 


for all s and all a: G \ {0}. To prove fl87|) . it is enough to observe that 

• a particle starting from x will reach ^- 8 ( 3 ^;^) without hitting 0 with 
probability at least 

• the number of (possibly incomplete) excursions between 55 and 

dB{n/3) until time s does not exceed [ n^in^inn l at least constant 
probability by Lemma [3.111 and 

• regardless of the past, each excursion hits 0 with probability ^^^””' (1 + 


0(1)), by m- 


Observe that Lemma 14.21 and flHT)) imply that for any y,y' G dB{n/3) and 
any t,r > 0 (in the following, z/(-) = Py'[Xt = ■ \ T„(0) > t]) 



( 88 ) 


Now, going back to fISB]) and setting ^ with ci from Lemma 14.21 

observe that for any yo G dB{n/3) (recall that ta = ^n^ln^n) 




yedB{n/3), 

l<k<tai 







l^i^crilnn y£dB(n/3), 

(j—l)n^<k<jn^ 


y£dB[n/3), 

(Tin? lnn<k<n^ In'*/® n 


+ 




y£dB{n/3), 
In*/® n<k<ta 


Y ^y,kh{s,yo)(l + 0{a^Y) 


y£dB(n/3), 


(j—l)n^ <k<jn^ 


43 
















+ 


E 


y&dB{n/3), 
ain? lnn<k<‘n? n 


c"4,fc/i(s,|/o)exp 


c"iy,kh{s, yo) exp (ce n) In n 
Aac^r Inn^ 


y&dB{n/3), 

n<k<ta 


TT 


Inn 


h{s,yo) I 1 + + 0(exp ( — (Cuilnn — cgln^^^n)) Inn) 

V i>i 

+ 0(exp(-Clu»/^n + '^°‘^;‘“" )lnn) 


= Mi>.!/o)(l+o(^)). 


(89) 


due to Lemma W?2\. fl85ll and 

We plug fl8^ into fl86l) . divide by h{s,yo), and use fl8711 to obtain, for 
X G 95(3^-^) and s > n^\/lnn 


h{s, x) 


aix 


1 + 0 


h{s,yo) a(n/3) + 0(n v Vlnn 
where < (4)-Wxp ( - ^(c - Equivalently, 


Inn)) 


h{s,yo) ^ a(n/3) 
h{s,x) a{x) 


1 + 0 


Inn 


(90) 


For A C let us define also the hitting times of the corresponding set 
on the torus for the W-walk after a given time s: 

fi^\A) = mm{k > s : Xfc G T^A}; 

we abbreviate Tn{A) = Tji’\A). Write 

F[fi^\A)<fi^\dBin/3))\X,=x] 

_ h{ta — S — |p|, Pend) /^1\ 


h{ta — s, x) V4 


E + E + E 

g:l+<\/lnn ^?:\/lnn<M<ln'*/® n £i:-Ld>ln^/® i 

TJ ^ TJ ^ n 


h(ta S I p|, Pend) / ^ ^ 


h(ta — s, x) V4/ 
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where the sums are over paths g that begin in x, end on the hrst visit 
to dB{n/3), and touch A without touching 0. 

Using Lemma 14.21 flH^ and fl90|) for the hrst sum, and dealing with the 
second and third sums as in the derivation of fl89|) . we obtain (recall that the 
term Px[ti{A) < Ti{dB{n/3))] is of order 

V[fi-\A) < fi‘)(SB(n/3)) I X. = i] 

= E {\T + 0(exp(-cyta^)) + 0(exp(-Clti-‘'=‘«)) 

= P,[MA) < n(9B(n/3))] (l + o(^)); 

again, the sum is over all paths g that begin in x, end on the hrst visit 
to dB{n/3), and touch A without touching 0 (observe that the last equality 
comes from the dehnition of S). So, using (]84|1 . we obtain for all s < ta — 
ri^yjhin and all x G 55( 3 ^^), 

TF In In 75 

P[rP(xl) > Ti‘\dB{n/3)) I X, = x] = 1 --cap(X)-^(l + 0 (l)). (91) 

2 In n 

Before we are able to conclude the proof of Theorem 12.61 we need another 
step to take care of times close to ta- Consider any x G 55and 
any s > 0 such that ta — s < n^y/lnn. Then, (l69|) and (l87|) together with the 
fact that h{-, ■) is nonincreasing with respect to the hrst (temporal) argument 
imply that 


P® [(^ 0 , • • •, — g] — 


h(ta ^ 1^*1) ^*end) 


h{ta — S, x) 
E CgPx [(^ 0 ) • • •) 


Px [(-^0, • • •, ^|e|) — q ] 


(92) 


for any path g with po = x. Then, similarly to Section 13.41 dehne Jk Dk to 
be the starting and ending times of kth. excursion of X between 55 ( 3 ^^) 
and 55(n/3), k > 1. Let 


C = min{fc : Jk P ta — n^vhin} 

be the index of the hrst X-excursion that starts after time ta — n^\/lnn. Let 
• • • be a sequence of i.i.d. Bernoulli random variables independent 
of everything, with 

TT In In 75 

= 1] = 1 - = 0] = 1 - - cap(kl)-^. 

^ In n 


45 




















For k>\ define two sequences of random variables 


l{Xj ^ A for all j G [Jfc, -D^]}, for k < (, 

for ^ > C, 


and 


7]k = l{Xj ^ A for all j G [Jc+fc-i, F'c+fc-i]}- 
Now, observe that fl^TD and the strong Markov property imply that 

P[& = 1 I fi..... &-i] = 1 - ^ cap(/l)f^(l + 0(1)), (93) 

/ In n 


Also, the relation 


together with Lemma 13.21 imply that 

In Inn 

¥[r]k = 0\ r]i,.. .,r]k-i\ < Cg- 


Inn 


(94) 


Denote 

Then, 


= max{k : Jk < ta}- 

and Lemma [3.111 imply that (note that 7r/2 < 3) 


P 


C'-C> 


3\/I 


nn 


In In n - 


< exp - Cg 


\/i 


nn 


In In n 


(95) 


Recall the notation 6n,a from the beginning of the proof of this theorem. 
We can write (recall (ES])) 


P 


= 1 for all /c < (1 - 6n,a) 


2aln^n 3-\/hi 


n 


> P 


In In n In In n - 

/ .X ^ ,2aln^n ^ 3\/lnn 

T„(A) > K > (1 - 6n,a) ... „ , C' - C < 


In Inn 


In In n 


so 


P[T„(A) > ta] < p 6 = 1 for all k < {1 - 6n,a) 


2a'\n‘^n 3\/lnn' 

In In n In In n 


P 


K < (1 - 


2a In^ n 
In Inn . 


+ P 


C'-C> 


3Vf 


nn 


In Inn 


(96) 
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Also, 

F[fn{A) > ta] 


> P 


^ for all fc < (1 + Sn,a) 

3\/lnn ^ 3\/lnn 


2a In^ n 
In Inn 


5 Na < (1 + Sn,a) 


r]k = 1 for all k < 


In In n ’ ^ ^ In In n 


,Xo^B 


2a In n 
In Inn ’ 
n 


3 Inn 



r „ „ , / _ , 2q; In^ ni 


r , , 2q; In^ m 

IV 

- 1 for all k < {1 + 6n,a) , , 

L Inlnn J 

-P 

Aq, > (1 -|- dn,a) , , 

L Inlnn J 


-P 


r]k = ^ for all k < 




nn 


In Inn 


-P 


c'-c> 


3^1 


nn 


In Inn 


-O 


In^ n 


(97) 


Using ([93]), we obtain that the hrst terms in the right-hand sides of fl96|) - fl^ 
are both equal to 

1 1 2 a In^ n 

(l - |cap(A)^^^(l+ o(l))j = (l + o(l))exp(-7racap(A)). 

The other terms in the right-hand sides of fl96l) -fl ^ are o(l) due to flH^ . 
fl9T|) . and fl9^ . Since, by fl69|) . 

P[T„A c I 0 e = F[f4A) > t„], 

the proof of Theorem 12.61 is concluded. □ 
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